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We introduce a new approach to modified gravity which generalizes the recently proposed hybrid
metric-Palatini gravity. The gravitational action is taken to depend on a general function of both
the metric and Palatini curvature scalars. The dynamical equivalence with a non-minimally coupled
bi-scalar field gravitational theory is proved. The evolution of cosmological solutions is studied using
dynamical systems techniques.
I. INTRODUCTION
In order to explain the present and initial accelerated
expansions of the Universe a large variety of modified the-
ories of gravity has been proposed in recent years. Among
them, one of the most popular is f(R) modified gravity
where the gravitational action depends on a general func-
tion of the curvature scalar R, see [1] for two reviews. To
derive the gravitational field equations from those mod-
ified actions, two approaches are extensively used in the
literature: the metric and the Palatini variational prin-
ciples (See [2] for recent extensions of the Palatini varia-
tional method in modify gravity). In the so called metric
approach one takes the metric gµν as the only dynamical
variable and considers only variations of the action with
respect to it. The so called Palatini approach is based on
the idea of considering the connection defining the Rie-
mann curvature tensor to be a priori independent of the
metric. As such, one performs variations of the action
with respect to the metric and the connection indepen-
dently. Both approaches have been used extensively to
build cosmological models, many of which contain an era
of accelerated expansion.
It is well-known that f(R) theories are dynamically
equivalent to Brans-Dicke (BD) theories. In fact, metric
f(R) gravity has been shown to be dynamically equiv-
alent to a Brans-Dicke theories with vanishing BD pa-
rameter while Palatini f(R) gravity presents the same
equivalence if the BD parameter equals −3/2 (see again
[1]). The value −3/2 for the BD parameter is a peculiar
one since it implies no dynamics for the scalar field in
BD theories. Consequently, Palatini f(R) gravity has the
same number of dynamical degrees of freedom as general
relativity, see [3] for a very different model which does
not introduce new dynamical degrees of freedom either.
More recently, a novel approach to modified gravity
has been introduced where a Palatini-like f(R) term is
added to the metric Einstein-Hilbert action [4]. In this
context cosmological and astrophysical applications to-
gether with wormholes geometries have been studied in
[5], where it has also been shown that viable acceler-
ating cosmological solutions are allowed by some specific
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models. The theory is dynamically equivalent to a scalar-
tensor theory with non-minimal coupling to gravity given
by (1 + φ)R where R is the metric curvature scalar and
φ is the scalar field. This is done in strict analogy with
Palatini f(R) gravity and indeed the BD parameter for
this theory is still −3/2. However, because of the differ-
ent coupling to R than in BD theories, in this theory the
scalar field is dynamical and represents a new dynamical
degree of freedom.
In the present paper we analyze a natural extension
of the theory introduced in [4]. We introduce a general
function which depends on both the metric and Palatini
curvature scalars. We show that this new generalization
can be considered as dynamically equivalent to a gravi-
tational theory with two scalar fields. Only one of these
scalar fields is non-minimally coupled to R and in gen-
eral an interaction between the two appears in the action.
The cosmological features of the theory are then studied
using dynamical system techniques.
Let us define κ2 = 8piG/c4 and start from the action
Sf =
1
2κ2
∫
d4x
√−g f(R,R) , (1)
which generalizes the so-called hybrid metric-Palatini ac-
tion of [4]. In action (1) R is the Ricci curvature scalar
formed with the Levi-Civita connection,
Γλµν =
1
2
gλσ (∂µgνσ + ∂νgµσ − ∂σgµν) , (2)
while R is the curvature scalar of an independent tor-
sionless connection Γˆλµν , in analogy with the Palatini ap-
proach. The variation of the action (1) with respect to
the independent connection Γˆλµν leads to
∇ˆλ
(√−g ∂f
∂Rg
µν
)
= 0 , (3)
whose solution is a Levi-Civita connection in terms of the
conformal metric hµν =
∂f
∂Rgµν ,
Γˆλµν =
1
2
hλσ (∂µhνσ + ∂νhµσ − ∂σhµν) . (4)
The variation with respect to the metric yields
∂f
∂R
Rµν − 1
2
gµνf
− (∇µ∇ν − gµν) ∂f
∂R
+
∂f
∂RRµν = 8piTµν , (5)
2where also the matter action has been considered in the
variation. Because of (4), Rµν can be related to Rµν
and terms involving (derivatives of) ∂f/∂R as in Palatini
f(R). However the trace of (5) now relates R and its
derivatives to T and gµν , meaning that it is not possible
in general to solve for R. However, this can be avoided
by requiring ∂2f/∂R∂R = 0. In this particular case the
trace of (5) becomes an algebraic equation in R which
can be solved for T and (derivatives of) gµν . Note that
in the following we will keep the function f completely
arbitrary as it turns out that all results we will obtain
hold for any (sufficiently smooth) function f .
II. DYNAMICALLY EQUIVALENT ACTIONS
AND CONFORMAL TRANSFORMATIONS
Let us start by considering the action
S =
1
2κ2
∫
d4x
√−g
[
f(α, β) +
∂f(α, β)
∂α
(R− α)
+
∂f(α, β)
∂β
(R− β)
]
, (6)
where α and β are two scalar fields. Variation with re-
spect to α and β gives the system
∂2f
∂α2
(R− α) + ∂
2f
∂α∂β
(R− β) = 0 , (7)
∂2f
∂α∂β
(R− α) + ∂
2f
∂β2
(R− β) = 0 , (8)
whose only solution is given by α = R and β = R, pro-
vided that
∂2f
∂α2
∂2f
∂β2
6=
(
∂2f
∂α∂β
)2
. (9)
This condition follows simply from requiring that this
matrix type equation is non-degenerate. It is interesting
to note that the matrix involved is in fact the Hessian
of f . Since our theory is based on an action principle,
a non-degenerate Hessian in this context means nothing
but that solutions of the field equations derived from the
action are indeed stationary points of the action.
It is now clear that substituting this solution back into
action (6) produce immediately action (1). The two ac-
tions are thus dynamically equivalent. Constraint (9)
excludes from our analysis the cases when the function f
is linear in either α (i.e. R) or β (i.e. R). However the
first case is nothing but the hybrid metric-Palatini theory
studied in [4, 5], while the second is equivalent to usual
metric f(R) theories. Moreover constraint (9) excludes
also some particular models such as f = exp(R +R) or
f =
√
RR. We have thus to reduce the results of this
section to the models satisfying (9).
Let us define two new scalar fields as
χ =
∂f(α, β)
∂α
and ξ = −∂f(α, β)
∂β
. (10)
The minus sign in the definition of ξ is required in order
not to allow for a negative kinetic energy of the field.
Action (6) can be rewritten as
S =
1
2κ2
∫
d4x
√−g [χR− ξR− V (χ, ξ)] , (11)
where the interaction potential is defined as
V (χ, ξ) = −f(α(χ), β(ξ)) + χα(χ)− ξ β(ξ) . (12)
Due to solution (4) (which can also be obtained varying
action (11) with respect to Γˆλµν) we can expand R and
find (up to boundary terms)
S =
1
2κ2
∫
d4x
√−g
[
(χ− ξ)R− 3
2ξ
(∂ξ)2 − V (χ, ξ)
]
.
(13)
We can shift χ by ξ defining a new scalar field as φ =
χ− ξ. In this way the action becomes
S =
1
2κ2
∫
d4x
√−g
[
φR− 3
2ξ
(∂ξ)2 −W (φ, ξ)
]
. (14)
It is possible to think of action (14) as a Brans-Dicke
theory with vanishing BD parameter and a potential in-
teracting with another minimally coupled scalar field.
At this point we can perform a conformal transforma-
tion in order to switch from the Jordan to the Einstein
frame. The transformation
gµν 7→ g˜µν = φ gµν , (15)
allows then, up to surface terms, to rewrite action (14)
as
S =
1
2κ2
∫
d4x
√
−g˜
[
R˜− 3
2φ2
(∂φ)2
− 3
2φξ
(∂ξ)2 − W (φ, ξ)
φ2
]
. (16)
Finally, we redefine the two scalar fields as
φ˜ =
√
3
2
lnφ
κ
and ξ˜ =
2
√
2
κ
√
ξ , (17)
and the action becomes
S =
∫
d4x
√
−g˜
[
1
2κ2
R˜− 1
2
(∇˜φ˜)2
− 1
2
e−
√
2κφ˜/
√
3(∇˜ξ˜)2 − W˜ (φ˜, ξ˜)
]
, (18)
3where the new potential is defined as
W˜ (φ˜, ξ˜) =
1
2κ2
e−2
√
2κφ˜/
√
3W (e
√
2κφ˜/
√
3, κ2ξ˜2/8) . (19)
Action (18) is well-known within the context of the
so-called Brans-Dicke or two-field inflation [6–8], where
the scalar field φ represents the Brans-Dicke field while ξ
denotes the inflaton. Usually these studies start from a
more general action than (14) where also a kinetic term
for φ is considered, but do not allow for a coupling be-
tween the two scalar fields in the potential [6]. A more
general coupling between the scalar φ and R was consid-
ered in [7]. In the Einstein frame this leads to a general
function of φ˜ in the exponential coupling to the kinetic
term of ξ˜. In general we can address action (18) as a spe-
cific model of Brans-Dicke inflation with vanishing BD
parameter. This means that from hybrid metric-Palatini
gravity we have a natural explanation for introducing
both the inflaton and the Brans-Dicke scalar fields. We
refer to [8] for recent developments in the context of two-
field inflation.
In the next section we will analyze the general cosmo-
logical dynamics of the theory in the Einstein frame.
III. COSMOLOGICAL DYNAMICS IN THE
EINSTEIN FRAME
For the sake of simplicity, from now on we will omit
the tildas in action (18). In other words, in what follows
we will denote with gµν , φ, ξ andW the quantities in the
Einstein frame. The field equations can be obtained by
varying action (18) with respect to the dynamical vari-
ables gµν , φ and ξ. The gravitational field equations in
the Einstein frame are thus given by
Gµν = κ
2
(
T (φ)µν + e
−κφ
√
2/3 T (ξ)µν − gµνW
)
, (20)
where we define
T (φ)µν = ∇µφ∇νφ−
1
2
gµν(∇φ)2 , (21)
T (ξ)µν = ∇µξ∇νξ −
1
2
gµν(∇ξ)2 . (22)
For the moment we assume that every other form of mat-
ter is negligible in comparison to the two scalar fields.
The equations for the two scalar fields are given by
φ+
κ√
6
e−κφ
√
2/3(∇ξ)2 −Wφ = 0 , (23)
ξ +
κ
√
2√
3
∇µφ∇µξ − eκφ
√
2/3Wξ = 0 , (24)
where Wφ and Wξ are the derivatives of the potential
with respect to φ and ξ respectively.
We consider a cosmological FLRW metric
ds2 = −dt2 + a(t)2
(
dr2
1− kr2 + r
2dΩ2
)
, (25)
where a(t) is the scale factor. From the gravitational
field equations (20) we obtain the following cosmological
equations
3
k
a2
+ 3H2 =
κ2
2
e−
√
2/3κφξ˙2 +
κ2
2
φ˙2 + κ2W ,
(26)
k
a2
+ 2H˙ + 3H2 = −κ
2
2
e−
√
2/3κφξ˙2 − κ
2
2
φ˙2 + κ2W .
(27)
The scalar fields equations (23) and (24) give the follow-
ing evolution equations
φ¨+ 3Hφ˙+
κ√
6
e−
√
2/3κφ ξ˙2 +Wφ = 0 , (28)
ξ¨ + 3Hξ˙ − κ
√
2√
3
ξ˙ φ˙+ e
√
2/3κφWξ = 0 . (29)
In what follows we will consider only spatially flat
(k = 0) cosmological models. In order to recast the cos-
mological equations (26)–(29) into a dynamical system,
we will make use of the following dimensionless variable
x2 =
κ2φ˙2
6H2
, y2 =
κ2W
3H2
, s2 =
κ2ξ˙2
6H2
e−
√
2/3κφ . (30)
The definitions of the x and y variables have been ex-
tensively considered to study the cosmological dynamics
in both uncoupled and coupled dark energy-dark mat-
ter models [9]. With (30) the Friedmann constraint (26)
reads
x2 + y2 = 1− s2 , (31)
impliying that
0 ≤ x2 + y2 ≤ 1 , (32)
since 0 ≤ s2 ≤ 1. Moreover because of the positiveness of
the potential energy we must have y ≥ 0, which implies
that x and y can only take values within half a unit disc.
In order to complete the autonomous system of equa-
tions coming from the cosmological equations (27)–(29)
we must specify the potentialW . In the following we will
consider three possible cases for the potential energy and
will analyse the outcoming phase spaces.
A. Model 1: W =W0 e
−λκφ/
√
6
First we will consider the usual quintessence exponen-
tial potential given by
W =W0 e
−λκφ/√6 , (33)
where W0 and λ are both positive constants. In this
model the only interaction between φ and ξ is given by
the kinetic coupling being the potential φ dependent only.
4TABLE I. Critical points and their properties for model 1.
Point x y Existence weff Acceleration Stability
A− -1 0 ∀ λ 1 No Saddle
A+ 1 0 ∀ λ 1 No Unstable if λ ≤ 6
Saddle if λ > 6
B 6λ+2
√
2√
λ+2
λ ≥
√
37− 1 λ−2λ+2 No
Saddle if λ =
√
37− 1
Stable spiral if λ >
√
37− 1
C λ
6
√
36−λ2
6
λ ≤ 6 λ2
18
− 1 λ < 2
√
3
Stable if λ <
√
37− 1
Saddle if
√
37− 1 ≤ λ ≤ 6
The scalar field φ plays the role of the usual quintessence
dark energy field, while we can consider ξ as representing
dark matter. Both dark matter and dark energy have
thus a geometrical origin in this model and no particles
have to be introduced opportunely.
In terms of the variables (30) equation (27) becomes
H˙
H2
= 3
(
y2 − 1) , (34)
which always gives a scaling solution for a(t) in terms of
the value of y. If y = 1 we have H˙ = 0 and the universe
undergoes an exponential expansion, while if y >
√
2/3
the universe undergoes a scaling accelerated expansion.
From (34) we can read off the effective equation of state
parameter of the total energy content of the universe as
weff = 1− 2y2 . (35)
The autonomous system of equation is in this case two
dimensional and it is given by equations (28) and (29) as
x′ = x2 − 3 x y2 + 1
2
(λ+ 2) y2 − 1 , (36)
y′ = −1
2
y
(
λx+ 6y2 − 6) , (37)
where a prime denotes differentiation with respect to
N = ln a. There are up to four critical points for this
system. The points and their properties are showed in
Table I. There are three possible qualitative behaviours
of the phase space depending on the following three range
for λ: 0 < λ ≤ √37− 1, √37− 1 ≤ λ ≤ 6 and λ > 6.
From Table I we see that in order to have a stable ac-
celerated attractor we must have λ < 2
√
3, so the most
interesting solutions will belong to the first range whose
phase space is showed in Fig. 1. Points A− and A+ are
respectively a saddle and unstable point and represent
early time solutions with a stiff fluid effective equation of
state. Every solution evolves eventually reaching point C
which always lies on the unit circle and acts as a global
attractor. If λ < 2
√
3 point C belongs to the region
above the dashed/red line where the universe is acceler-
ating. If instead 2
√
3 ≤ λ ≤ √37 − 1 point C will be
below the dashed/red line and the universe will end in
a decelerating solution. However we can still have a pe-
riod of accelerated expansion because, for a wide range
FIG. 1. Phase space for Model 1 with λ = 1. The global
attractor represents an accelerating solution because it lies in
the region above the dashed/red line.
FIG. 2. Phase space for Model 1 with λ = 4. The global
attractor does not represent an accelerating solution because
it lies in the region below the dashed/red line.
of initial conditions, the evolution still pass through the
accelerated region for some time as is showed in Fig. 2.
If λ = 3
√
2 the global attractor will represent a matter
dominated universe with vanishing effective equation of
state parameter, while for λ = 2
√
6 the final state will be
a radiation-like dominated universe which suggests that
this model could be of interest in early time inflationary
dynamics.
The phase space for the range
√
37 − 1 ≤ λ ≤ 6 has
been drawn in Fig. 3. Point B is now the global attrac-
5FIG. 3. Phase space for Model 1 with λ = 5.9. The global
attractor is now point B, while C is a saddle point.
FIG. 4. Phase space for Model 1 with λ = 8. The global
attractor is point B, while now A+ is a saddle point.
tor and always represents a decelerating solution since
can only appear below the dashed/red line. Point C is
now a saddle point which attracts all the trajectories be-
fore they turn to point B. Again, depending on the initial
conditions, the universe can still undergo a phase of accel-
erated expansion since several trajectories pass through
the accelerated region above the dashed/red line.
The last range for which the dynamics of Model 1 is
different is given for λ > 6. Its phase space is depicted in
Fig. 4. PointA+ is now a saddle point and attracts all the
trajectories along the y direction. The global attractor is
still point B and the cosmological evolution can experi-
ence more than one eras of accelerated expansion before
ending eventually in the final decelerating solution.
In conclusion we have seen that in Model 1 the universe
can undergoes phases of accelerated expansion for all the
possible range of λ. If λ < 2
√
3 the cosmic evolution will
end in an accelerated state, while for all the other values
of λ it eventually reaches a stable decelerating solution.
TABLE II. Critical points and their properties for model 2.
Point x y z Existence weff Acceleration
A− -1 0 0 ∀ λ 1 No
A+ 1 0 0 ∀ λ 1 No
B− -1 0 1 ∀ λ 1 No
B+ 1 0 1 ∀ λ 1 No
C0
6
λ+2
√
2√
λ+2
0 λ ≥
√
37− 1 λ−2λ+2 No
D0 λ6
√
36−λ2
6
0 λ ≤ 6 λ2
18
− 1 λ < 2
√
3
D1 λ6
√
36−λ2
6
1 λ ≤ 6 λ2
18
− 1 λ < 2
√
3
B. Model 2: W = α (κ ξ)λ e−λκφ/
√
6
In this section we will consider the potential given by
W (φ, ξ) = α (κ ξ)λ e−λκφ/
√
6 , (38)
where α and λ are two dimensionless positive parameters.
This potential allows for a direct coupling between the
two scalar fields φ and ξ. Unfortunately, we cannot re-
cast the cosmological evolution equations (27)–(29) into
a two dimensional dynamical system. However defining
in addition to (30) the new variable
z =
H0
H +H0
, (39)
we can obtain a three dimensional system. The new vari-
able z has been choosen in such a way to mantain the
phase space compact [10]. It takes values between 0 and
1, meaning that the phase space is now represented by a
half cilinder with radius and heigth equal to one. Equa-
tions (27) can still be rewritten as (34) implying that at
every point of the phase space the effective equation of
state is again given by (35). The accelerated region is now
the part of the half cilinder corresponding to y >
√
2/3
for all the possible values of z.
The cosmological equations (27)–(29) give the follow-
ing three dimensional dynamical system
x′ =
y2
2
(λ+ 2− 6 x) + x2 − 1 , (40)
y′ = y
[
3− 3 y2 − λ
2
x
+ β
√
1− x2 − y2
(
z
y (1 − z)
)2/λ ]
, (41)
z′ = 3
(
y2 − 1) (z − 1) z , (42)
6TABLE III. Critical points and their stability properties for model 2.
Point Eigenvalues Stability
A− 3, −2, 3 + λ/2 Saddle point
A+ 3, 2, 3− λ/2 Saddle point
B− −3, −2, 3 + λ/2 Saddle point
B+ −3, 2, 3− λ/2 Saddle point
C0 3λ/(2 + λ), (−3±
√
81 + 32λ − 4λ2 − λ3)/(2 + λ) Saddle point
D0 λ
2/12, −3 + λ2/12, −6 + λ/3 + λ2/12 Saddle point
D1 −λ2/12, −9/2 + λ/6 + λ2/8, −∞ Stable if λ < 2(
√
82− 1)/3
‘Saddle’ if (2
√
82− 2)/3 < λ
where again a prime denotes a derivative with respect to
N = ln a and we have redefine the parameter α as
β =
λ√
2
3
λ−2
2λ α1/λ (
κ
H0
)2/λ . (43)
In the above system of equations, the term with β in (41)
becomes singular as y → 0 or z → 1 and one must be
rather careful when investigating the equations for those
values. The critical points are given in Table II and,
according to the value of λ, there can be up to seven
critical points. However, when considering the critical
points with z = 1, we have assumed that the term pro-
portional to β approaches zero when z → 1. This issue is
very difficult to settle analytically, however, the numeri-
cal solutions and the resulting phase space confirm that
this assumption is valid.
Again the three ranges λ <
√
37− 1, √37− 1 ≤ λ ≤ 6
and λ > 6 gives the three qualitatively different be-
haviours of the phase space. The four points A± and B±
always represent universes evolving with a stiff matter
effective equation of state. However they are expected
to be relevant only at early time and not to be stable
solutions.
The phase space for the first range is shown in Fig. 5.
Points A+ and D0 act as saddle points attracting the
early time solutions before these turn towards greater
values of z. The trajectories always evolve towards point
D1 which represents the global attractor. A few more
remarks are required about this point. Firstly, one of
the eigenvalues approaches −∞ as z → 1. The term re-
sponsible for this is β
√
1− x2 − y2
(
z
y (1−z)
)2/λ
, which
we assumed to approach zero. The linear stability ma-
trix (Jacobian) contains the inverse of this term which
in turn can yield an eigenvalue which formally is −∞.
This explains why this points act as the global attrac-
tor to the system. There is a λ range where one of the
eigenvalues of D1 is positive, this point will still attract
all trajectories. While there is a direction in which the
point repels trajectories, the non-linearities of the system
will move any trajectory away from this exact direction
and the attractive behaviour in the other directions will
dominate. This behaviour can be seen quite clearly in
the phase space plots.
FIG. 5. Phase space for Model 2 with λ = 1 and β = 0.01.
The global attractor is point D1 representing an accelerating
solution whenever λ < 2
√
3 because lies in the region marked
by the dashed/red line.
If λ < 2
√
3 this characterizes an accelerating scaling
solution, while if λ > 2
√
3 the universes undergoes dece-
laration. Again this represent the cosmologically inter-
esting case where the global attractor of the phase space
could represent an accelerating universe.
The phase space for the second qualitative range
√
37−
1 ≤ λ ≤ 6 is depicted in Fig. 6. Points A+, C0 and
D0 represent saddle points which attract the early time
solutions. Point D1 still represents the global attractor
but do not characterizes an accelerating solution being
always outside the accelerated region.
We have identified another interesting point, C1 with
coordinates x = 6λ+2 , y =
√
2√
λ+2
, z = 1 which is not a
critical point to the dynamical system. However, when
evaluating equations (40) and (42), we note that both
right-hand sides vanish. The remaining equation (41) at
7FIG. 6. Phase space for Model 2 with λ = 5.9 and β = 0.01.
The global attractor is still point D1 but now the trajectories
are first attracted by point C1 which is not a critical point.
this point is
y′C1 =
β
2
(
λ
2
+ 1
)1/λ−3/2√
λ2 + 2λ− 36
(
z
1− z
)2/λ
= βC(λ)
(
z
1− z
)2/λ
, (44)
where C(λ) is a constant depending on λ. We can now
understand the phase space at this point, see Figure 7.
If β is chosen to be small, then the solution behaves as
if C1 was a critical point. The smaller the value of β the
better C1 acts as an attracting point. However, when
z gets sufficiently close to 1, the trajectories will get re-
pelled from this point eventually. If λ > 6 none of the
critical points is stable, and the solution will keep evolv-
ing without a determined late time behaviour. As can be
seen in Figure 7, all trajectories reach the z → 1 surface
and then stay there.
C. Model 3: W = W0 e
−λκφ/
√
6 + Matter
In this final section we reconsider Model 1 with the
potential (33) and add a standard matter perfect fluid
energy-momentum tensor to the gravitational field equa-
tions (20),
Gµν = κ
2
(
T (φ)µν + e
−κφ
√
2/3 T (ξ)µν − gµνW + T (M)µν
)
,
(45)
where
T (M)µν = p gµν + (p+ ρ)UµUν , (46)
with Uµ the comoving four-velocity of the fluid, ρ its
energy density and p its pressure. We will consider a
FIG. 7. Phase space for Model 2 with λ = 8 and β = 0.01.
linear equation of state given by
p = w ρ , (47)
and assume that standard matter is covariantly conserved
∇µT (M)µν = 0 . (48)
We will also consider only the physical range 0 ≤ z ≤ 1/3,
meaning that we cannot have cosmic acceleration from
matter alone. In this model dark matter is included in
the standard matter sector while both the scalar fields
φ and ξ act as dark energy. Note that we are adding a
matter action to (18) and thus assuming that the matter
fields couple with the Einstein frame metric g˜µν . This
procedure is different to adding a matter action directly
to (1) but has largely been considered in literature with-
out entering in deep phylosophical issues (see [11] for a
discussion).
The new cosmological field equations derived from
(45), with k = 0, read
3H2 = κ2ρ+
κ2
2
e−
√
2/3κφξ˙2 +
κ2
2
φ˙2 + κ2W ,
(49)
2H˙ + 3H2 = −κ2p− κ
2
2
e−
√
2/3κφξ˙2 − κ
2
2
φ˙2 + κ2W ,
(50)
while the two evolution equations for the scalar fields
still coincide with (28) and (29). These equations can
be recasted in a three dimensional autonomous system
of equations defining, in addition to (30), the new adi-
mensional variable
z2 =
κ2ρ
3H2
. (51)
The Friedmann constraint (49) reduces to
x2 + y2 + z2 = 1− s2 , (52)
8TABLE IV. Critical points and their properties for model 3.
Point x y z Existence weff Acceleration Stability
A− -1 0 0 ∀ λ 1 No Saddle
A+ 1 0 0 ∀ λ 1 No Unstable if λ ≤ 6
Saddle if λ > 6
B 6
λ+2
√
2√
λ+2
0 λ ≥
√
37− 1 λ−2
λ+2
No Saddle
C λ
6
√
36−λ2
6
0 λ ≤ 6 λ2
18
− 1 λ < 2
√
3
Stable if λ < 3
√
2(w + 1)
Saddle otherwise
D 0 0 1 ∀ λ w No Saddle
E 3(w+1)
λ
3
√
1−w2
λ
√
λ2−18(w+1)
λ
λ ≥ 3
√
2(w + 1) w No
Stable if 3
√
2(w + 1) ≤ λ
Saddle otherwise
FIG. 8. Phase space for Model 3 with λ = 1 and w = 0. The
global attractor is point C which represents an accelerating
solution when λ < 2
√
3, while point D is a matter dominated
saddle point.
implying that the phase space is now the quarter of a
unit sphere because, thanks to (52) and the positiveness
of ρ and W , we must have y ≥ 0, z ≥ 0 and
0 ≤ x2 + y2 + z2 ≤ 1 . (53)
Equation (50) becomes
H˙
H2
=
3
2
[−2 + 2 y2 + (1− w) z2] , (54)
from which we can read off the new effective equation of
state parameter
weff = 1− 2 y2 + (w − 1) z2 . (55)
The 3D dynamical system is given by equations (48)–
FIG. 9. Evolution of the effective equation of state parame-
ter for the dashed/red trajectories in Fig. 8. After reaching
a long lasting matter dominated evolution in according to
observations, the universe eventually ends in an accelerated
expansion representing the final cosmological stage.
(50) as
x′ = −3
2
x
[
2 y2 − (w − 1) z2]
+
1
2
(λ+ 2) y2 + x2 + z2 − 1 , (56)
y′ = −1
2
y
[−3 (w − 1) z2 + λx+ 6 y2 − 6] , (57)
z′ =
3
2
z
[
(w − 1) (z2 − 1)− 2 y2] , (58)
and the critical points together with their properties are
listed in Table IV. If we compare this with Table I we
see that we have now two more critical points (D and
E) corresponding to a universe evolving in accordance
with the matter equation of state parameter. Point D
corresponds to a universe completely dominated by the
matter sector with no dark energy affecting the evolution.
Point E presents instead both matter and dark energy
but the total outcome on the universe evolution is still
completely equivalent to a matter dominated universe.
The other points, belonging to the z = 0 plane, have the
same properties of Model 1 with point C being the cosmic
9FIG. 10. Phase space for Model 3 with λ = 5 and w = 0. The
global attractor is now point E where the universe evolves
according to the matter equation of state.
accelerated stable attractor solution for λ < 2
√
3. We
have now four qualitative behaviours for the dynamics of
the phase space depending again on the possible values
of λ: λ < 3
√
2(w + 1), 3
√
2(w + 1) ≤ λ < √37 − 1,√
37− 1 ≤ λ ≤ 6 and λ > 6. Note that because 0 ≤ z ≤
1/3 we always have 3
√
2(w + 1) <
√
37− 1.
The first range is again the more interesting since we
can have a late time attractor where the universe is ac-
celerating its expansion. The dynamics of the phase
space is depicted in Fig. 8. The late time attractor is
point C which results in an accelerating solution when-
ever λ < 2
√
3. Point D represents a saddle point where
the universe is completely dominated by the matter sec-
tor and expands according to radiation/dust solutions. It
is then clear that every trajectory passing nearby point
D and eventually ending in point C describes a possible
physical universe. In fact all these solutions will allow the
universe to undergo the standard radiation and matter
eras before the transition to the dark energy accelerating
solution.
As an example we can look at the dashed/red solution
in Fig. 8 and see how the effective equation of state pa-
rameter evolves. This is plotted in Fig. 9. We see that the
universe immediately reaches a matter dominated expan-
sion and keeps this evolution for some time unperturbed.
Of course if the matter equation of state parameter w
changed during this period, from radiation to dust in a
physical situation, also weff would change according to
w. This means that during this period the universe has
the time to undergoes the standard cosmological eras in
agreement with the observations. Depending on the ini-
tial conditions this stage can last for the time needed to
produce the nucleosyntesis and create the cosmological
structures. Eventually we will have the transition to the
accelerated phase which represents the final phase of the
universe where the effective equation of state parameter
FIG. 11. Phase space for Model 3 with λ = 5.9 and w = 1/3.
The global attractor is still point E but now the trajectories
starting from the z = 0 plane are first attracted by saddle
point B.
FIG. 12. Phase space for Model 3 with λ = 8 and w = 1/3.
The global attractor is point E but now A+ is a saddle point
attracting the z = 0 trajectories.
assumes the value λ2/18−1. The situation is completely
equivalent to Quintessence plus dark matter with φ play-
ing the role of the dark energy scalar field. In fact the
trajectories confined to the border of the sphere, such as
the dashe/red one in Fig. 8, must have s = 0 meaning
that ξ does not influence the dynamics of this solutions.
We can now look at the second range 3
√
2(w + 1) ≤
λ <
√
37− 1 whose phase space is drawn in Fig.10. The
global attractor is now point E where the universe ex-
pands according to the matter equation of state. De-
pending on the initial conditions the trajectories can ei-
ther pass nearby saddle point D, where we also have
weff = w, or pass through the region surrounding the
point (0, 1, 0) where the universe accelerates its expansion
and eventually approaches saddle point C before ending
10
to point E. This shows how this model can be useful in
early inflationary dynamics since we can have an acceler-
ated period before the universe start to be radiation/dust
dominated.
This feature is presented also in the third possible
range
√
37− 1 ≤ λ ≤ 6 as Fig. 11 shows. For this reason
and because the phase space properties are more evident,
we chose to show the dynamics in the w = 1/3 case. We
still have point E as the global attractor, but now, be-
sides point C, also point B act as saddle point influencing
trajectories starting from the z = 0 plane. The dynam-
ics is similar to the second λ-range with several solutions
experiencing an accelerated phase before ending in the
matter dominated final evolution.
Finally the phase space for the last range λ > 6 is
presented in Fig. 12. Point C is now gone and point
A+ plays its role attracting the z = 0 trajectories. The
dynamics is again similar to the previous ranges with
point E being the global attractor and solutions having
a possible era of cosmic accelerated expansion depending
on the initial conditions.
IV. CONCLUSIONS
In this paper we have studied a natural generaliza-
tion of the so-called hybrid metric-Palatini gravity intro-
duced in [4]. A completely arbitrary function of both
the metric and Palatini curvature scalars was considered
as the Lagrangian density in the action. Using dynam-
ically equivalent actions and conformal transformation
techniques, we have shown that this new theory can be
recast into general relativity plus two scalar fields cou-
pled with each other. Therefore, using this approach one
arrives naturally at theories where the different matter
components couple to each other. It should be empha-
sized that there are no theoretical restrictions when it
comes to coupling different matter components, all that
is required by general relativity and its generalisation is
that the total energy-momentum tensor is conserved.
We analyzed the possible applications to cosmology
considering a FLRW universe and employing dynamical
system methods. Three specific models specified by their
potentials were studied in detail and in each case a late
time cosmological accelerated solution has been found.
Depending on the model parameters these can represent
global attractor solutions. We also encountered a rather
peculiar parameter choice (Fig. 7) where the dynamical
system has no global attractor and the cosmological so-
lution would never stop evolving.
The first model has a potential without coupling the
two scalar fields and shows several similarities with usual
quintessence models. The second model considers a di-
rect coupling between the two scalars in the potential and
it is characterized by more mathematical complexity. Its
evolution is easily understood. Finally, in the third and
most interesting model we add standard (dark) matter
to the theory and show that the universe can undergo a
‘extended period’ of matter domination followed by an
accelerating dark energy dominated era. This would in
principle allow for structure formation in this model. It
would be interesting to study such models in more details
studying not only the background evolution but also the
evolution of perturbation on this background and in par-
ticular structure formation. This would eventually allow
us to compare such models with experimental data.
[1] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82 (2010)
451 [arXiv:0805.1726 [gr-qc]].
A. De Felice and S. Tsujikawa, Living Rev. Rel. 13 (2010)
3 [arXiv:1002.4928 [gr-qc]].
[2] L. Amendola, K. Enqvist and T. Koivisto, Phys. Rev. D
83 (2011) 044016 [arXiv:1010.4776 [gr-qc]].
T. S. Koivisto, Phys. Rev. D 83 (2011) 101501
[arXiv:1103.2743 [gr-qc]].
T. S. Koivisto, Phys. Rev. D 84 (2011) 121502
[arXiv:1109.4585 [gr-qc]].
N. Tamanini, Phys. Rev. D 86 (2012) 024004
[arXiv:1205.2511 [gr-qc]].
[3] C. G. Boehmer and N. Tamanini, arXiv:1301.5471 [gr-
qc].
[4] T. Harko, T. S. Koivisto, F. S. N. Lobo and G. J. Olmo,
Phys. Rev. D 85 (2012) 084016 [arXiv:1110.1049 [gr-qc]].
S. Capozziello, T. Harko, T. S. Koivisto, F. S. N. Lobo
and G. J. Olmo, arXiv:1301.2209 [gr-qc].
[5] S. Capozziello, T. Harko, T. S. Koivisto, F. S. N. Lobo
and G. J. Olmo, arXiv:1209.2895 [gr-qc].
S. Capozziello, T. Harko, T. S. Koivisto, F. S. N. Lobo
and G. J. Olmo, arXiv:1209.5862 [gr-qc].
S. Capozziello, T. Harko, T. S. Koivisto, F. S. N. Lobo
and G. J. Olmo, arXiv:1212.5817 [physics.gen-ph].
[6] A. L. Berkin and K. -I. Maeda, Phys. Rev. D 44 (1991)
1691.
A. A. Starobinsky and J. ’i. Yokoyama, gr-qc/9502002.
A. A. Starobinsky, S. Tsujikawa and J. ’i. Yokoyama,
Nucl. Phys. B 610 (2001) 383 [astro-ph/0107555].
[7] J. Garcia-Bellido and D. Wands, Phys. Rev. D 52 (1995)
6739 [gr-qc/9506050].
J. Garcia-Bellido and D. Wands, Phys. Rev. D 53 (1996)
5437 [astro-ph/9511029].
F. Di Marco, F. Finelli and R. Brandenberger, Phys. Rev.
D 67 (2003) 063512 [astro-ph/0211276].
F. Di Marco and F. Finelli, Phys. Rev. D 71 (2005)
123502 [astro-ph/0505198].
[8] A. Cid and S. del Campo, JCAP 1101 (2011) 013
[arXiv:1101.4588 [astro-ph.CO]].
S. Cremonini, Z. Lalak and K. Turzynski, JCAP 1103
(2011) 016 [arXiv:1010.3021 [hep-th]].
S. Cremonini, Z. Lalak and K. Turzynski, Phys. Rev. D
82 (2010) 047301 [arXiv:1005.4347 [hep-th]].
Z. Lalak, D. Langlois, S. Pokorski and K. Turzynski,
JCAP 0707 (2007) 014 [arXiv:0704.0212 [hep-th]].
K. -Y. Choi, L. M. H. Hall and C. van de Bruck, JCAP
11
0702 (2007) 029 [astro-ph/0701247].
T. Wang, Phys. Rev. D 82 (2010) 123515
[arXiv:1008.3198 [astro-ph.CO]].
[9] C. Wetterich, Astron. Astrophys. 301 (1995) 321-328.
[arXiv:hep-th/9408025 [hep-th]].
E. J. Copeland, A. R. Liddle and D. Wands, Phys. Rev.
D 57 (1998) 4686 [gr-qc/9711068].
L. Amendola, Phys. Rev. D60 (1999) 043501.
[astro-ph/9904120].
A. P. Billyard, A. A. Coley, Phys. Rev. D61 (2000)
083503. [astro-ph/9908224].
W. Zimdahl, D. Pavon, Phys. Lett. B521 (2001) 133-
138. [astro-ph/0105479].
G. R. Farrar, P. J. E. Peebles, Astrophys. J. 604 (2004)
1-11. [astro-ph/0307316].
L. P. Chimento, A. S. Jakubi, D. Pavon, W. Zimdahl,
Phys. Rev. D67 (2003) 083513. [astro-ph/0303145].
G. Olivares, F. Atrio-Barandela, D. Pavon, Phys. Rev.
D71 (2005) 063523. [astro-ph/0503242].
H. M. Sadjadi, M. Alimohammadi, Phys. Rev. D74
(2006) 103007. [gr-qc/0610080].
Z. -K. Guo, N. Ohta, S. Tsujikawa, Phys. Rev. D76
(2007) 023508. [astro-ph/0702015 [ASTRO-PH]].
K. Y. Kim, H. W. Lee, Y. S. Myung, Mod. Phys. Lett.
A22 (2007) 2631-2645. [arXiv:0706.2444 [gr-qc]].
J. -H. He, B. Wang, JCAP 0806 (2008) 010.
[arXiv:0801.4233 [astro-ph]].
S. Chen, B. Wang, J. Jing, Phys. Rev. D78 (2008)
123503. [arXiv:0808.3482 [gr-qc]].
M. Quartin, M. O. Calvao, S. E. Joras, R. R. R. Reis,
I. Waga, JCAP 0805 (2008) 007. [arXiv:0802.0546
[astro-ph]].
S. H. Pereira, J. F. Jesus, Phys. Rev.D79 (2009) 043517.
[arXiv:0811.0099 [astro-ph]].
C. Quercellini, M. Bruni, A. Balbi, D. Pietrobon, Phys.
Rev. D78 (2008) 063527. [arXiv:0803.1976 [astro-ph]].
G. Caldera-Cabral, R. Maartens, L. A. Urena-Lopez,
Phys. Rev. D79 (2009) 063518. [arXiv:0812.1827 [gr-
qc]].
J. Valiviita, R. Maartens, E. Majerotto, Mon. Not. Roy.
Astron. Soc. 402 (2010) 2355-2368. [arXiv:0907.4987
[astro-ph.CO]].
C. G. Bo¨hmer, G. Caldera-Cabral, N. Chan, R. Lazkoz,
R. Maartens, Phys. Rev. D81 (2010) 083003.
[arXiv:0911.3089 [gr-qc]].
T. S. Koivisto and N. J. Nunes, Phys. Rev. D 80 (2009)
103509 [arXiv:0908.0920 [astro-ph.CO]].
T. S. Koivisto and N. J. Nunes, Phys. Lett. B 685 (2010)
105 [arXiv:0907.3883 [astro-ph.CO]].
T. Ngampitipan and P. Wongjun, arXiv:1108.0140 [hep-
ph].
E. J. Copeland, M. Sami and S. Tsujikawa, Int. J. Mod.
Phys. D 15 (2006) 1753 [arXiv:hep-th/0603057].
G. Leon, E. N. Saridakis, Phys. Lett. B693 (2010) 1-10.
[arXiv:0904.1577 [gr-qc]].
[10] C. G. Bo¨hmer, G. Caldera-Cabral, R. Lazkoz,
R. Maartens, Phys. Rev. D78 (2008) 023505.
[arXiv:0801.1565 [gr-qc]].
[11] V. Faraoni, Cosmology in scalar tensor gravity, Kluwer
Academic Publishers (2004) 280p.
